
Computing Lifshitz Field Theory Correlation Functions Using the AdS/CFT Correspondence

Hurum Maksora Tohfa, Shiksha Pandey, Faryal Khan, Michael Schulz

Abstract

Department of Physics, Bryn Mawr College

Introduction

The Klein Gordon Equation
Discussion and Conclusion

References

Acknowledgments

We would like to thank our supervisor and mentor, Professor Michael Schulz; without his 

guidance and help, we wouldn’t have been able to do this project. We also would like to thank 

Tyler DeMan, a graduate student at Bryn Mawr College, who did this project alongside us, 

contributing his mature perspective when we didn’t know which path to take. Finally, we thank the 

BMC Summer Science Research Program for making this research opportunity possible..

We use the Anti-de Sitter spacetime/Conformal Field Theory (AdS/CFT) 

correspondence to determine quantum field theory correlation functions—

expectation values of products of fields–—in two field theories, by performing a 

calculation in the dual gravity theory. I.e., we compute the correlation functions 

holographically. The first field theory is the canonical one. We solve the Klein-

Gordon equation in Anti-de Sitter spacetime or asymptotically so which gives us 

two independent solutions with undetermined coefficients. The path integral 

depends on these coefficients, which correspond to a choice of boundary 

condition on the AdS side and a choice of sources on the field theory side. On the 

field theory side, the correlation functions coincide with derivatives of the path 

integral with respect to the sources. We perform the corresponding dual gravity 

calculation. After completing the calculation for the canonical AdS/CFT setting, we 

perform the analogous computation for a novel field theory of interest in 

condensed matter physics, which possesses a Lifshitz multicritical point.

The AdS/CFT correspondence is a relation between gravity theory with certain 

boundary conditions and a field theory in the presence of corresponding sources. 

It is the most concrete realization of holography in quantum gravity -- the idea that 

all information content of a gravitational theory in any region of spacetime can be 

equivalently represented by a non-gravitational theory living in the boundary of 

that region. The AdS/CFT correspondence has the property that whenever one side 

is strongly coupled, the other side is weakly coupled and vice versa. Thus, this 

correspondence provides a way to calculate physical quantities that would be 

inaccessible by direct computation on one side alone. Here, we try to understand 

how the correspondence works in general, and then use to study the Lifshitz field 

theory, a theory with applications to 2D strongly coupled electron systems.

The quantized version of the relativistic energy-momentum relation, The Klein 

Gordon equation is a Lorentz covariant relativistic wave equation for spinless

particles. 

In general, 𝑝. 𝑝 = −𝑚2

In QM, 𝒑𝜇 = −𝑖ℏ∇𝜇 , 𝜇 = 0,1,2,3

From the non-quantum mechanical equation, 𝜂𝜇𝜈𝑝
𝜇𝑝𝜈 +𝑚2 = 0

We obtain the Klein Gordon equation by promoting 𝑝𝜇 to an operator 𝒑𝜇 and letting 

the left equation act on the wavefunction 𝜙.

((−𝑖ℏ)2𝑔𝜇𝜈∇
𝜇∇𝜈 +𝑚2)𝜙(𝑥) = 0 (𝐺𝑒𝑛𝑒𝑟𝑎𝑙)

𝑑′𝐴𝑙𝑒𝑚𝑏𝑒𝑟𝑡𝑖𝑎𝑛 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟  = 𝑔𝜇𝜈∇
𝜇∇𝜈= ∇𝜇∇

𝜈

= ∇2 𝑖𝑛 4𝐷, 𝑖. 𝑒. 4𝐷 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒
 in general coordinates in general spacetime:

ϕ =
1

−𝑔
𝜕𝜇 𝑔𝜇𝜈 −𝑔 𝜕𝜐𝜙 ,𝑤ℎ𝑒𝑟𝑒 𝑔𝜇𝜈𝑖𝑠 𝑡ℎ𝑒 𝑚𝑒𝑡𝑟𝑖𝑐, 𝑔

𝜇𝜈 = 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑎𝑡 𝑚𝑒𝑡𝑟𝑖𝑐,

𝑔 = 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑒𝑡𝑟𝑖𝑐
Thus, the KG equation becomes: (−+ 𝒎𝟐)𝜙(𝑥) = 0

The overall scaling a 1/λ2∆+ = 1/λ8 under scale transformation (t, x) → (λ 2 t, λx) is

exactly as expected for an operator of the computed scaling dimension1 ∆+ = 4. •

The purely spatial power law result C = constant is surprising. We had expected to

find C = C(x 2/t) with C → 0 as t = t1 − t2 → 0, so that equal time correlators vanish

(known as ultralocality). Instead, large distance correlators are independent of t1,t2

Since the combination x 2/t, where x = x1 −x2 and t = t1 −t2, is invariant under the

Lifshitz scale transformations, we might have expected the quantity C to be a

function of x 2/t rather than simply a constant. The simple spatial power law

dependence at large x is therefore interesting and somewhat surprising. Certain

other field theories with critical points in the same “universality class” as that of

the Lifshitz field theory exhibit a property known as ultralocality: at equal times, the

values of fields at different spatial locations are uncorrelated. Had we found that C

is function of C(x 2/t) with the property that C → 0 as t → 0 (for example C = e −x

2/t), then the same would have been the case here: hO∆+ (t1, x1)O∆+ (t2, x2)i = 0 for

t1 = t2. But, that’s not what we found. Therefore, our Lifshitz field theory is not

ultralocal. This is surprising and merits further investigation
d’Alembertian Operator in AdSd+1

Klein Gordon Equation in AdSd+1

In momentum space: −(
𝑧

𝐿
)𝑑+1𝜕𝑧[(

𝐿

𝑧
)𝑑−1𝜕𝑧 ෨𝜙] + (

𝑧2

𝐿2
)𝑝(𝑑)

2 ෨𝜙 +𝑚2 ෨𝜙 = 0

𝑧2 𝜕𝑧
2 ෨𝜙 − (𝑑 − 1)𝑧𝜕𝑧 ෨𝜙 − (𝑧2𝑝2 +𝑚2𝐿2) ෨𝜙 = 0

The above equation is in the form of a modified or hyperbolic Bessel function, and 

has the solution: ෨𝜙(𝑝, 𝑧) = 𝑧𝑑/2𝑍𝜐(𝑝𝑧), where 𝜐 =
𝑑2

4
+𝑚2𝐿2 and 𝑍𝜐(𝑝𝑧) is the linear 

combination of 𝐼𝜐(𝑝𝑧) and 𝑘𝜐(𝑝𝑧).
For non-singularity in the deep interior (𝑧 → ∞) of AdSd+1. we take, 𝑍𝜐 = 𝑘𝜐. So 
෨𝜙(𝑝, 𝑧) = 𝑧𝑑/2𝑘𝜐(𝑝𝑧)

Calculation of Correlation Functions

The metric, 𝑑𝑠2 =
𝑟2

𝐿2
𝜂𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜐 +
𝐿2

𝑟2
𝑑𝑟2, where 𝜂𝜇𝜈 = 𝑑𝑖𝑎𝑔(−1,1,1, . . . , 1)

[For AdS5, 𝑑𝑠
2 =

𝑟2

𝐿2
−𝑑𝑡2 + 𝑑𝑥2 +

𝐿2

𝑟2
𝑑𝑟2 = 𝑔𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜐, where Ԧ𝑥 = 𝑥1, 𝑥2, 𝑥3 ]

With 𝑧 =
𝐿2

𝑟
, so 

𝑑𝑧

𝑧
= −

𝑑𝑟

𝑟
, 𝑑𝑠2 =

𝐿2

𝑧2
𝜂𝜇𝜈

(𝑑)𝑑𝑥𝜇𝑑𝑥𝜐 + 𝑑𝑧2

So, 𝑔𝜇𝜈 = 𝑑𝑖𝑎𝑔(−
𝐿2

𝑧2
,
𝐿2

𝑧2
,
𝐿2

𝑧2
, . . . ,

𝐿2

𝑧2
) =

𝐿2

𝑧2
𝜂𝜇𝜈

(𝑑+1) , −𝑔 = (
𝐿

𝑍
)𝑑+1

ϕ =
1

−𝑔
𝜕𝜇 𝑔𝜇𝜈 −𝑔 𝜕𝜐𝜙

(𝑑+1)𝜙 = (
𝑧

𝐿
)𝑑+1𝜕𝑧[(

𝐿

𝑧
)𝑑−1𝜕𝑧𝜙] + (

𝑧2

𝐿2
)(𝑑)𝜙

There is an identification between the path integrals of the gravity theory (with 

source for the KG field) and the field theory (with source for the dual operator) 

between the field of gravity theory and the gauge invariant operator of the field 

theory. 

𝑍𝑔𝑟𝑎𝑣 𝜙; 𝛼 Ԧ𝑥, 𝑡 = 𝐽 Ԧ𝑥, 𝑡 = 𝑍𝐶𝐹𝑇 𝑆𝑜𝑢𝑟𝑐𝑒 𝑓𝑜𝑟 𝑂 Ԧ𝑥, 𝑡 𝑖𝑠 𝐽 Ԧ𝑥, 𝑡

So we can calculate correlators of the field theory operator by performing a dual KG 

calculation on the gravity side of the field theory by a calculation in the boundary of 

AdS: a gravity theory.

𝑆𝑔𝑟𝑎𝑣 = 𝑆𝐾𝐺 =
1

4𝑘2
𝑑𝑑+1 𝑥 −𝑔𝜙(−+ 𝑚𝟐)𝜙 −

1

4𝑘2
𝑟=𝑅 𝑑

𝑑𝑥 −ℎ𝜙𝑛𝜇𝜕𝜇𝜙

For a particular choice of phi with d= 3, 𝑚2𝐿2 = −2, ∆+= 2, ∆−= 1:

𝜙 r → ∞, Ԧ𝑥, t =
α Ԧ𝑥, t L2

𝑟
+
β Ԧ𝑥, t L4

𝑟2
+⋯

𝑆𝐾𝐺 + 𝑆𝑏𝑑𝑦 =
𝐿2

4𝑘2
𝑑3 𝑥𝛼𝛽, 𝑆𝑏𝑑𝑦 =

−1

4𝑘2
 𝑑3𝑥 −ℎ𝜙2

Varying the field, we get  𝛿𝑆𝐾𝐺 + 𝛿𝑆𝑏𝑑𝑦 =
𝐿2

2𝑘2
𝑑3 𝑥𝛽𝛿𝛼

So now, the one point function is: 𝜗 Ԧ𝑥, 𝑡 =
1

𝑖

𝛿

𝛿𝛼 Ԧ𝑥,𝑡
ห𝑒𝑆𝑔𝑟𝑎𝑣
𝛼=0

= ቚ
𝛿𝑆𝑔𝑟𝑎𝑣

𝛿𝛼 Ԧ𝑥,𝑡 𝛼=0

=
𝐿2

2𝑘2
𝛽 Ԧ𝑥, 𝑡

For arbitrary d and ∆, it is: 𝜗 Ԧ𝑥, 𝑡 = (2∆ − 𝑑)
𝐿𝑑−1

2𝑘2
𝛽 Ԧ𝑥, 𝑡

And the two-point function is: 𝑖 𝜗 𝑥), 𝜗(𝑦 = (2∆ − 𝑑) ฬ
𝐿𝑑−1

2𝑘2
𝛿𝛽 𝑥

𝛿𝛼 𝑦 𝛼=0

When we expand the solution for phi near the boundary, ෨𝜙 𝑝, 𝑧 = 𝑧𝑑/2𝑘𝜐 𝑝𝑧 , near the 

boundary, we get to the two point function after finding the ratio of alpha and beta. 

𝜗 𝑝), 𝜗(−𝑝 =
−1 𝜐𝐿𝑑−1𝑃2𝜐

2𝜋 𝑑2𝑘2 2𝜐−1Γ 𝜐 2

In position space: 𝜗 𝑥), 𝜗(𝑥′ =
𝐶𝐴𝑑−2

(2𝜋)𝑑 𝑥−𝑥′ 2∆+
ቚ

Γ(2Δ+−1,𝑖𝑝 𝑥 )+Γ(2Δ−−1,−𝑖𝑝 𝑥 )

(−1)2∆+ 0

∞
=

𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡𝑒𝑟𝑚𝑠

𝑥−𝑥′ 2∆+

The phase diagram of certain 2D materials has a multicritical point known as a

Lifshitz point. Near Lifshitz points, a material is well described by quantum field

theory where the action is

𝑆 = න𝑑𝑡 𝑑𝑥2𝐿 𝑤ℎ𝑒𝑟𝑒 𝐿 =
𝜕𝜙

ⅆ𝑡

2

− 𝑘 ∇2𝜙 2

For some constant k. The field has a scaling symmetry:

𝑡 → 𝑡′ = 𝜆2𝑡, 𝑥 → 𝑥′ = 𝜆𝑥

For d=3, the AdS4 metric is so that the metric is invariant under Lifshitz scale

transformation :

𝑑𝑠2 = −
𝑟𝟒

𝐿𝟒
𝑑𝑡2 +

𝑟𝟐

𝐿𝟐
𝑑𝑥2 +

𝐿2

𝑟2
𝑑𝑟2

The bulk to boundary propagator is defined as a particular solution to the KG 

equation when the boundary value is a delta function. That is 

𝜙 𝑥0, 𝑥, 𝑧 = 𝑘Δ 𝑥0, 𝑥, 𝑧, 𝑦0, 𝑦 where 𝜙0 𝑥0, 𝑥 = 𝛿𝑑 𝑥 − 𝑦
Then, a general solution to the KG equation can be written in terms of the bulk-to-

boundary propagator and boundary value as

𝜙 𝑥0, 𝑥, 𝑧 𝑑𝑑y 𝑘Δ= 𝑥0, 𝑥, 𝑧, 𝑦0, 𝑦 𝜙0 𝑦0, 𝑦

Considering translation invariance and taking it’s fourier gives us the e Fourier

transformed bulk-to-boundary propagator. After normalization it becomes,

෩𝐾Δ 𝜔, 𝑘, 𝑧 = 𝛤
𝑘2

4 𝜔
+

3

2
𝑒
𝑧

2 U
𝑘2

4 𝜔
+

1

2
, −1, 𝑧 where, ෩𝐾Δ 𝜔, 𝑘, 𝑧 is the fourier transform of

𝑘Δ 𝑥0 − 𝑦0, 𝑥 − 𝑦, 𝑧; 0,0 and U
𝑘2

4 𝜔
+

1

2
, −1, 𝑧 is confluent hypergeometric function.

The Klein-Gordon Action is :

𝑆𝑐𝑙 𝜙 = න
ⅆ𝜔 ⅆ𝑘−1𝑘

2𝜋 𝑑
෪𝜙0 𝜔, 𝑘 ෨𝐺 𝜔, 𝑘 ෪𝜙0 −𝜔,−𝑘

Where ෨𝐺 𝜔, 𝑘 = −
𝜂

2
ℎ෨𝑘 −𝜔,−𝑘, 𝑧 𝑛𝑧𝜕𝑧 ෨𝑘 ȁ𝜔, 𝑘, 𝑧 𝑧=

Correlator in Lifshitz Field Theory

Correlator in AdS

Klein Gordon Equation for Lifshitz metic

We define the Lifshitz field theory operator ⟨𝒪 𝜔, 𝑘 ⟩ = ෨𝐺ren 𝜔, 𝑘 ෪𝜙0 −𝜔,−𝑘 and
⟨𝒪 𝜔, 𝑘 𝒪 𝜔, 𝑘 ⟩ = ෨𝐺ren 𝜔, 𝑘 where ෨𝐺ren 𝜔, 𝑘 is the renormalized ෨𝐺 𝜔, 𝑘
After adding counterterms and taking ε→ 0. Near z = 0, the bulk-to-boundary

propagator ෨𝑘(ω,k,z) takes the form:

෫𝑲Δ+ 𝑤, 𝑘, 𝑧 = 1 −
1

4

𝑘2𝐿

𝜔
𝒛 +

𝟏

64
[−𝟐𝟎 + 8

𝑘2𝐿

𝜔
− 3

𝑘2𝐿

𝜔

2

+ (4 −
𝑘2𝐿

𝜔

𝟐

) ቆ

ቇ

2𝛾 +

𝜓
3

2
+

𝑘2𝐿

4 𝑤
] 𝑧2 +

𝟏

64
(4 −

𝑘2𝐿

𝜔

𝟐

)𝑧2log 𝑧2 + 𝒪 𝑧3 where ψ(x) is the

digamma function and γ ~ 0.577 is the Euler-Mascheroni constant.
Substituting for ෨𝐺 gives us the two point function:

⟨ 𝒪 𝑡1, 𝑥1 𝒪 𝜏2, 𝑥2 ⟩~
𝑐

𝑥1−𝑥2
8
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(−(𝑑+1) + 𝑚𝟐)𝜙(𝑥) = 0

−[(
𝑧

𝐿
)𝑑+1𝜕𝑧[(

𝐿

𝑧
)𝑑−1𝜕𝑧𝜙] + (

𝑧2

𝐿2
)(𝑑)𝜙] + 𝑚2𝜙 = 0

𝜕𝑦
2 ෨𝜙′′ −

3

𝑦
𝜕𝑦 ෨𝜙

′ −
𝑘2𝐿

𝑤
+ 𝑦2 ෩ϕ = 0 𝑤ℎ𝑒𝑟𝑒 𝜈 =

𝐿

𝑟
𝑎𝑛𝑑 𝑦 = 𝑣 𝑤 𝐿

Solution to this Klein Gordon equation in the spacetime dual to Lifshitz theory can 

be defined by the corresponding boundary value 𝜙0 𝑡, 𝑥 by 

𝜙 𝑡, 𝑥, 𝑧′~𝑧𝑑−Δ𝜙0 𝑡, 𝑥 𝑎𝑠 𝑧 → ∞ where 𝑧 = 𝑤 𝐿𝑣2


